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Abstract
Earthquake-induced structural damage, characterised by the exceedance of different dam-
age states during ground shaking, is typically quantified using fragility curves generated 
through non-linear dynamic analyses often requiring a large computational effort. This 
level of effort has led to the necessity of simplified methods and approximate analysis 
tools. In this regard, SPO2IDA has emerged as a convenient tool for the assessment of 
structures. It relates a structure’s backbone characteristics to a set of incremental dynamic 
analysis (IDA) curves using static pushover analysis (SPO) results and a library of empiri-
cal fitting coefficients for the different branches of the idealised SPO backbone. It permits 
the quantification of structural performance up to structural collapse as a function of seis-
mic intensity in a simple and efficient manner. It has been developed mainly for ductile 
structures that can be sufficiently represented via a SPO backbone with a certain ductile 
post-yield hardening followed by a post-peak degradation. This behaviour is quite rep-
resentative of ductile RC and steel moment-resisting frames and has resulted in the tool 
being widely adopted. However, the same may not be observed when dealing with rein-
forced concrete (RC) frames with masonry infill, a structural typology that still requires 
significant addressing in the earthquake engineering field. The present study describes an 
extension to this methodology for structural typologies with a more particular backbone 
behaviour, typical of RC frames with masonry infill panels, since differences in backbone 
behaviour compared to typical structures render the extension of the original tool inap-
propriate and at times unconservative. Extensive analyses were conducted to investigate 
the behaviour and trends when pushing infilled RC frames up to complete structural col-
lapse. A new library of empirical coefficients was then fitted and proposed by considering 
a large database of representative backbones to result in an extended SPO2IDA proposal 
for infilled RC frames. It is then shown how these coefficients provide a much-improved 
matching, when compared to the original tool for this specific case, both in terms of the 
produced IDA traces and also the drift-based mean annual rates of exceedance.
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1 Introduction

Assessing the structural performance of existing reinforce concrete (RC) frame buildings 
designed prior to the introduction of modern seismic design provisions around the 1970s 
typically involves an analysis of serviceability limit states, collapse performance and the 
behaviour of the structure itself conditioned on non-global collapse. As such, the ability 
to accurately quantify the exceedance of any structural demand-based performance level 
is of great interest and is typically quantified with fragility curves, where the exceedance 
probability of a certain performance limit state can be expressed as a function of seis-
mic shaking intensity. These are usually the end-result of extensive numerical modelling, 
ground-motion selection, non-linear dynamic analyses and post-processing of the subse-
quent results, which typically require large computational effort and time depending on the 
complexity of the numerical modelling and the extent of the analysis procedure adopted. 
To somewhat reduce this computational burden, a number of simplified tools and meth-
odologies for the assessment of RC frame structures have emerged in the literature over 
the past number of years, with the introduction of the SPO2IDA tool (Vamvatsikos and 
Cornell 2005) being a notable example. It empirically relates the static pushover (SPO) 
curve to its corresponding incremental dynamic analysis (IDA) traces (Vamvatsikos and 
Cornell 2002) and permits the characterisation of the structural performance in a simplified 
manner. A recent extension of this simplified procedure, SPO2FRAG (Baltzopoulos et al. 
2017), related the SPO curve directly to the fragility curves of specific limit states, in addi-
tion to other considerations. The main scope behind such tools is to aid the quantification 
and mitigation of seismic risk with respect to different guidelines and procedures (FEMA 
2000, 2005, 2009; Pinto and Franchin 2014; CNR 2014) and supply users with means with 
which to reduce computational effort and processing time. The inclusion of SPO2IDA as 
a simplified tool in the FEMA P-58 guidelines (FEMA 2012), for example, attested to the 
value of this kind of simplified tools in performance-based earthquake engineering (Cor-
nell and Krawinkler 2000).

These simplified tools employ what are typically referred to as R–μ–T relationships, 
developed through extensive dynamic analyses, that empirically relate the strength reduc-
tion factor, R, of a single degree of freedom (SDOF) oscillator to the elastic spectral 
demand of a ground motion to its period of vibration, T, and subsequent ductility demand, 
μ. These R–μ–T relationships were previously quantified for given SPO backbone curves 
typologies and implemented in the background of the tools themselves. The end result of 
this is to convert the SPO curve parameters of a multi-degree of freedom (MDOF) system 
(e.g. base shear, Vb and roof displacement, Δ) into an equivalent SDOF (i.e. force, F* and 
displacement, Δ*) and then quantify the IDA traces, or the fragility curves directly, using 
these empirical relationships.

The recent work by O’Reilly and Sullivan (2018) has shown that these existing tools 
may not be entirely adequate for the characterisation of infilled RC frame typologies since 
the available empirical R–μ–T relationships were not established to represent such SPO 
backbone characteristics (i.e. high initial stiffness and strength followed by sudden loss of 
strength and stiffness upon infill panel collapse) as it was mainly targeting other structural 
configurations, such as ductile moment frames designed with modern design code provi-
sions. This idea that existing RC frames with masonry infill panels cannot be reasonable 
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represented by a simple bilinear hysteretic backbone has existed for some time and studies 
such as the ones by Dolšek and Fajfar (2004, 2005) were among the first to thoroughly 
address this issue, both from a numerical modelling perspective and also a simplified 
implementation viewpoint.

Keeping the above remarks in mind, regarding the simplified assessment of RC frames 
with masonry infill, some further extension is required. This relates to both the simplified 
assessment via SDOF oscillators all the way to structural collapse, in addition to the simpli-
fied assessment via SPO2IDA-oriented tools. For this reason, an exhaustive campaign was 
performed in this study in an effort to establish new R–μ–T relationships through assess-
ment of numerous infilled RC frames typologies. A library of empirical coefficients was 
quantified, essentially providing an extension for the original SPO2IDA tool to this specific 
structural typology. The emphasis of this study was to permit the adequate assessment of 
these structural typologies in an efficient and simplified manner within the already estab-
lished guidelines and procedures available and implemented for other structural typologies.

2  Assessment of infilled RC frames with equivalent SDOF oscillators

2.1  Description and numerical modelling of case study structures

A total of five case study structures with varying number of storeys (2, 3, 4, 6 and 9) and 
infill typology [i.e. ‘weak’ and ‘strong’ as per Hak et al. (2012)] were adopted from a pre-
vious study by O’Reilly and Sullivan (2018). These structures may be considered repre-
sentative of infilled RC frames constructed in Italy prior to the introduction of modern 
seismic design provisions in the 1970s. They were designed to resist gravity loading only 
and did not consider capacity design principles, which constitute a crucial aspect of mod-
ern seismic design. The presence of masonry infill on the overall lateral response of the 
structure was also not considered, which was quite common throughout Italy and the rest 
of the Southern Mediterranean at that time.

Numerical modelling of these case study structures and subsequent analyses were con-
ducted using OpenSees (McKenna et  al. 2010) and the techniques used to model these 
structures are described in O’Reilly and Sullivan (2017). This modelling approach was 
calibrated to available experimental data that accounts for the strength and stiffness deg-
radation of the frame members, the effects of smooth reinforcing bars with end-hooks, in 
addition to the strength and stiffness degradation in the beam–column joints. The effects of 
the presence of masonry infill on the global structural response was incorporated using the 
equivalent diagonal strut approach described by Crisafulli and Carr (2007). The first mode 
periods of these structures are listed in Table 1.

SPO analyses were conducted for each structure, using a displacement-controlled lateral 
load pattern proportional to its first mode shape. Figure 1 shows the SPO curves where 

Table 1  First mode periods of vibration, T1, for each case study structure

Typology 2 Storey 3 Storey 4 Storey 6 Storey 9 Storey

Bare frame 0.85 1.22 1.52 1.97 2.72
Infilled frame (weak infill) 0.25 0.37 0.44 0.63 1.00
Infilled frame (strong infill) 0.15 0.21 0.29 0.41 0.65
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the base shear coefficient—defined as the base shear, Vb, normalised by the total building 
weight, W—is plotted against the roof displacement, Δ, for three different variations of 
the case study structures. These correspond to: ‘bare frame’, where no infill was present 
in the numerical model; ‘strong infill’, where a uniform distribution of the corresponding 
infill typology outlined in Hak et al. (2012) was considered; and ‘weak infill’, where a uni-
form distribution of that infill typology (Hak et al. 2012) was considered. As clearly illus-
trated in Fig. 1, the presence of masonry infills considerably modifies the lateral behav-
iour compared to the bare frames, noticeable through the increase in initial stiffness, peak 
lateral strength and sudden drop in lateral load-bearing capacity. Moreover, the effect of 
the infilled frames’ soft-storey mechanism is noticeable through their post-peak behaviour, 
sometimes exhibiting a lower displacement capacity and quicker reduction in lateral capac-
ity when compared to bare frames. This may be attributed to the concentration of damage 
at a single storey in the infilled frames, as opposed to a more distributed deformation in 
bare frames, meaning that global flexibility is reduced and damage is accumulated faster, 
resulting in a more accelerated reduction in lateral strength.

2.2  Equivalent SDOF conversion and numerical modelling

The previous section discussed the characterisation of infilled RC frames via SPO analysis 
using numerical models that consider the individual structural element characteristics in a 
direct manner. This is generally the preferred option when analysing structural behaviour 
in a static analysis context. However, when moving to the more computationally expen-
sive dynamic analysis with numerous ground motion records, the use of a more simplified 

0 0.1 0.2 0.3
0

0.2

0.4

0.6

0.8

1
2 Storey

B
as

e 
Sh

ea
r 

C
oe

ff
ic

ie
nt

 [
-] Bare Frame

Infilled Frame (Weak)
Infilled Frame (Strong)

0 0.1 0.2 0.3
0

0.2

0.4

0.6

0.8
3 Storey

Roof Displacement [m]

Bare Frame
Infilled Frame (Weak)
Infilled Frame (Strong)

0 0.1 0.2 0.3
0

0.1

0.2

0.3

0.4

0.5

0.6
4 Storey

Bare Frame
Infilled Frame (Weak)
Infilled Frame (Strong)

0 0.1 0.2 0.3
0

0.1

0.2

0.3

0.4
6 Storey

Roof Displacement [m]

B
as

e 
Sh

ea
r 

C
oe

ff
ic

ie
nt

 [
-] Bare Frame

Infilled Frame (Weak)
Infilled Frame (Strong)

0 0.1 0.2 0.3 0.4
0

0.05

0.1

0.15

0.2

0.25
9 Storey

Bare Frame
Infilled Frame (Weak)
Infilled Frame (Strong)

Fig. 1  Static pushover curves showing base shear coefficient versus roof displacement of the case study 
structures, where the influence of masonry infill presence and typology on the lateral strength is evident
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structural representation via equivalent SDOF models may be a more convenient option. 
This is to capture key structural characteristics whilst permitting robust analyses in a quick 
and efficient manner. Examples of contexts that favour such an approach are present in 
simplified assessment methods like the pushover-based assessment method proposed by 
Fajfar and Dolšek (2012) or in more regional-oriented approaches such as that outlined in 
Villar-Vega et al. (2017).

In the context of infilled RC frames, this topic has received relatively little specific 
attention compared to other more prominent typologies. For example, D’Ayala et al. (2015) 
published guidelines on how SDOF models (Villar-Vega et  al. 2017) may be developed 
for typologies including infilled RC frames. Figure  2a illustrates this generic backbone 
definition, adopted also in Villar-Vega et  al. (2017) and herein referred to as ‘Approach 
1’, whereby the general shape of the SPO curve resembles those illustrated in Fig. 1 for 
strong infills, with a large strength and stiffness followed by a drop in lateral strength due 
to the failure of the masonry infill panels. This backbone is established using the results 
of a simple SPO analysis or by assuming some typical lateral capacity ranges. It is then 
converted to an equivalent SDOF via standard structural dynamics manipulations assum-
ing a first-mode-dominant response. An ultimate displacement of the equivalent system 
is typically defined and the backbone response is assumed to follow the fixed shape illus-
trated in Fig. 2a. That is, no specific treatment is given to the fact that following the first 
cycle that breaks the masonry infill at the critical storey, the lateral resistance and stiffness 
will be greatly reduced for all subsequent cycles. This change in lateral stiffness and sub-
sequently the first-mode period of vibration has a number of impacts on the efficiency of 
different intensity measures (O’Reilly et al. 2018a) or to the expected level of dispersion 
for different demands parameters of interest (O’Reilly and Sullivan 2018). One study that 
acknowledged this characteristic behaviour and incorporated it into a simplified model was 
the one by Dolšek and Fajfar (2004), whereby the initial strength and stiffness contribu-
tion of the masonry infill was incorporated separately alongside another model to represent 
the underlying RC frame to give a generic backbone shape as outlined in Fig. 2b, which is 
herein referred to as ‘Approach 2’. While the establishment of these backbone parameters 
was not specifically addressed by Dolšek and Fajfar (2004), an important development 
was by considering the contributions of the RC frame and masonry infill separately, unlike 
the model illustrated in Fig. 2a. Of particular importance for the model in Fig. 2b is that 

(a) (b)

Fig. 2  Illustration of a Approach 1 utilised in past studies such as Villar-Vega et al. (2017), b Approach 2 
developed by Dolšek and Fajfar (2004) for infilled RC frames



 Bulletin of Earthquake Engineering

1 3

unlimited ductility was assumed for the RC frame and no strength nor stiffness degradation 
was foreseen.

The two modelling strategies for equivalent SDOF systems illustrated in Fig. 2 repre-
sent reasonable approaches to capture the overall behaviour of infilled RC frames. How-
ever, some particular aspects may still be improved to better represent the physical reality 
of what is happening during lateral response. For example, considering a defined ultimate 
displacement capacity of these structures is of undoubted importance when examining 
behaviour up to collapse. To such extent, Approach 1 is more favourable since Approach 2 
assumes infinite ductility of the underlying RC frame. On the other hand, what is favour-
able about Approach 2 is the way in which it segregates the masonry infill contribution 
from the RC frame contribution. However, this approach also requires further attention 
because while the overall backbone of the infilled RC frame ought to resemble that found 
from a simple SPO analysis (e.g. Fig. 1), the subsequent response of the structure follow-
ing the collapse of the masonry infill at the critical storey in the building does not exactly 
become the response of a completely bare frame. In the case of older RC frames with 
masonry infill, the infill collapse tends to occur at a single storey meaning that the subse-
quent response will be more of a soft-storey response in the critical storey, but with sig-
nificant stiffness remaining at the other non-critical storeys. Therefore, the response of the 
underlying RC frame illustrated in Fig. 2b should be that of the infilled RC frame with the 
critical storey’s masonry infill removed and not of the completely bare frame, as illustrated 
in Fig. 3. This way, the effect of losing the masonry at the critical storey is modelled in a 
more similar manner to the real behaviour. It must be stated that Dolšek and Fajfar (2004) 
did not actually delve into the details of how to establish the parameters of the model illus-
trated in Fig. 2b and it may also be interpreted as described above. O’Reilly et al. (2018a) 
discussed this aspect briefly for the structures examined here where the modal properties 
of the infilled RC frame’s numerical model with the critical storey’s infill removed showed 
a significant increase in the first mode period, but was still notably lower than that of the 
structure modelled without any masonry infill. An important aspect to note is that only the 
in-plane response of the masonry infill panels is considered in this study and full contact 
between the infill panels and the surrounding frame is assumed. The influence of in-plane/
out-of-plane interaction is not taken into account due to the simplified nature of the pro-
posed tool. Interested readers are referred to other studies (Ricci et al. 2018; Furtado et al. 
2016; Pasca et al. 2017) for further details on this topic.

Considering the above remarks, a more refined equivalent SDOF modelling approach 
for infilled frames is proposed herein. It essentially combines the two approaches 
discussed previously to permit a more representative characterisation of an infilled 
RC frame’s behaviour up to collapse. It comprises a ‘crackable’ backbone similar to 

Fig. 3  Differences in SPO curves between bare frame, completely infilled RC frame and infilled RC frame 
with mechanism formed at the critical storey, where the significant difference in the initial stiffness between 
the bare RC frame and infilled RC frame with the critical storey’s infill panels removed is noted
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Approach 2 described previously, but also a more representative ultimate behaviour 
whereby the strength and stiffness degradation of the underlying RC frame is also cap-
tured, instead of assuming unlimited ductility or constant strength to a predetermined 
ultimate displacement, as in Approach 1. Figure  4 outlines the basics of this model, 
where the SPO backbone of the two models is required. First, examining the results of 
the infilled RC frame’s response, the backbone parameters (i.e. points 0–1–2–3–4) can 
be found. By examining the evolution of the displaced shape, the location of the critical 
storey can be identified from this first SPO analysis. By removing the infill struts in the 
numerical model at this storey and repeating the SPO analysis, the backbone param-
eters for the RC frame with mechanism (i.e. points 0–5–6–7) can be identified. The 
soft-storey mechanism is assumed to occur after the sudden degradation in strength. 
Thus, the residual plateau is defined as the shift from infilled frame to the frame with 
induced soft-storey. The aim behind modelling both behaviours separately is to increase 
the robustness of the numerical model through the inclusion of period-elongation effect 
when transitioning between stiffnesses and thus realistically mimicking the hysteretic 
behaviour.

To implement this equivalent SDOF model in addition to the others described in 
Fig. 2, the results of the SPO analysis of the MDOF structures illustrated in Fig. 1 are 
taken and transformed to their equivalent SDOF counterparts. By taking the base shear, 
Vb, and roof displacement, Δ, values from each model, the SDOF transformations are 
characterised by their force, F*, and displacement, Δ*, values and effective mass, m*, 
all of which are computed as follows:

where Γ represents the first mode transformation factor computed as:

(1)F∗ =
Vb

�

(2)�∗ =
�
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∑

i

mi�i

Fig. 4  Illustration of the pro-
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is shown with the structural 
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has formed a mechanism and 
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The terms mi and ϕi represent the mass and first mode shape ordinate at a given floor i. 
This mode shape is normalised to the roof level’s value (i.e. ϕroof = 1) since it corresponds 
to the location of the displacement Δ and can be found from a simple eigenvalue analysis of 
the structural model.

To evaluate the suitability of the proposed equivalent SDOF modelling approach shown 
in Fig.  4, some preliminary comparisons were conducted for the case study structures. 
These examined the model’s overall ability to capture the global backbone response of 
the infilled and cracked RC frames. Comparisons of the hysteretic energy dissipated dur-
ing a cyclic pushover analysis motion were also evaluated. Dolšek and Fajfar (2004) noted 
that the exact details of the hysteretic behaviour do not greatly affect the response of the 
model, a finding further bolstered by Kazantzi and Vamvatsikos (2018), but it was decided 
here to still try it, to be as representative as possible. These comparisons were conducted 
on all case study frames. Figure  5 displays the cyclic pushover results used to calibrate 
the equivalent SDOF model for one of the structures examined whereas Fig. 6 illustrates 
the difference in the hysteretic energy dissipated by the actual model and its ‘equivalent’ 
MDOF. This equivalent MDOF is obtained by transforming the force–displacement of the 
equivalent SDOF to the MDOF response ordinates via the same transformation factor, Γ, 
given in Eq. 4 so the actual model (in blue) is to be compared with the equivalent MDOF 
results only. For both cases, one can observe quite a good agreement in the response of the 
two models.

2.3  Assessment results

To evaluate the suitability of each of the aforementioned equivalent SDOF models (i.e. 
Approaches 1, 2 and the proposed approach) for dynamic analysis with respect to the 
response of the actual MDOF model of a structure, a series of IDAs were performed. The 
intensity measure selected for the purpose of this study was the spectral acceleration at 
the first mode period of vibration, Sa(T1). A 5% Rayleigh damping model was adopted at 
the first and third modes of vibration for the actual model described in Sect. 2.1, as this 

(4)� =
m∗
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replicates what was utilised by O’Reilly and Sullivan (2017) when comparing numerical 
simulations to experimental results. The set of ground motion records used to track the 
evolution of damage and response in the structure was the far-field ground motion set given 
in FEMA P695 (2009). IDA was conducted for each MDOF structure up until the complete 
collapse of the structures, which was taken to be when a 10% storey drift was observed in 
the dynamic analysis for a given record, as discussed by O’Reilly et al. (2018b). By taking 
the individual ground motion traces at each intensity, the median IDA trace (i.e. the 50% 
fractile) was computed and the comparison is represented in Fig. 7 for two of the structures 
examined. The results are normalised to show the strength ratio, R, and the ductility of the 
frames, μ, which are taken as the forces and displacements of the equivalent SDOF normal-
ised to point 1 on Fig. 4.
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Figure 7 illustrates the differences between Approaches 1 and 2 when compared to the 
response of the actual model for two of the case study structures examined. Approach 1 
tends to overestimate the behaviour of the structure for a given intensity because of the 
model’s oversimplification of the initial portion of the backbone curve shown in Fig. 2a. 
The use of a single peak point followed by a sharp drop in strength to model the effects 
of masonry infill tends to result in an increased flexibility and subsequently larger dis-
placement demand compared to the actual model. Adopting a bilinear backbone RC frame 
response for Approach 2 in Fig.  2b is reflected with a continuation in resistance with 
increasing intensity. Since no failure point of the RC frame is defined, the SDOF oscillators 
can keep withstanding increased values of intensity without their IDA curves ever actu-
ally ‘flat-lining’. Flat-lining means that for a small increase in intensity, a large increase in 
demand is observed essentially making the IDA traces flatten out and are typically taken 
as an indication of structural collapse. Figure 7 shows that neither of the two approaches 
reviewed from existing literature adequately captures the response of the infilled RC frames 
right up to collapse. On the other hand, for the SDOF model proposed here in Fig. 4, the 
median values are much more aligned with the median response of the actual model, espe-
cially the intensity at the collapse of the structures, indicating that the minor adjustments 
made to the simplified SDOF backbones were at the same time necessary and adequate. As 
such, even if demonstrated with only two of the case-study frames, given the significant 
differences observed in the collapse intensity estimation, it is believed that the numerical 
modelling approach proposed here for infilled RC frames should be the one adopted in 
studies of this sort.

3  Simplified assessment of infilled RC frames

3.1  Existing methods

The previous section discussed different approaches to characterise the seismic response of 
infilled RC frames via SDOF oscillators. These essentially stem from the equivalent SDOF 
conversion of the MDOF’s SPO curve followed by the consideration of the hysteretic char-
acteristics to permit a subsequent dynamic analysis. However, once this SPO curve has 
been characterised, it may be also convenient to use a series of simplified expressions to 
relate the SPO backbone to its dynamic response via ground motion excitation. These are 
commonly referred to as R–μ–T relationships since they provide the relationship between 
the strength ratio, R, the ductility, μ, and the period, T, which is usually defined as the first 
mode period, T1. The strength ratio, R, is defined as:

where Fel is the elastic spectral demand on a SDOF oscillator of period T1 subjected to 
ground motion excitation, and Fy is the yield force of that oscillator. In other words, R 
essentially represents the ratio between the first-mode spectral acceleration value of a 
given ground motion or design spectrum, Sa(T1), and the yield spectral acceleration of 
the equivalent SDOF, Say. There have been numerous studies on such relationships for 
different structural systems over the years (Veletsos and Newmark 1960; Newmark and 
Hall 1982; Vidic et al. 1994; Miranda 2000). Of particular pertinence to this study is the 

(5)R =
Fel

Fy

=
Sa
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T1
)

Say
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aforementioned work by Dolšek and Fajfar (2004), who utilised the modelling approach 
described in Fig. 2b to quantify these relationships for infilled RC frames. These relation-
ships worked well in comparison to actual results and were widely adopted in the literature 
for the simplified assessment of infilled RC frames. However, these relationships inher-
ently contain each of the various limitations described in the equivalent SDOF modelling 
approach described in Sect. 2.2 and evaluated in Sect. 2.3. More specifically, they consider 
infinite ductility of the RC frames and are not expected to adequately capture its strength 
degradation and eventual collapse. Furthermore, these relationships provided the mean 
response and did not directly attempt to quantify variability. These latter two aspects were 
indirectly addressed in the development of the SPO2IDA tool by Vamvatsikos and Cornell 
(2005), as illustrated in Fig. 8, whereby the relationship between the SPO curve and its cor-
responding IDA fractiles (i.e. 16%, 50% or median and 84%) was quantified in an empirical 
manner.

SPO2IDA presents an attractive method to estimate the seismic demand and capacity 
of first-mode-dominated MDOF systems in regions ranging from near-elastic to global 
collapse. It has been primarily developed to analyse bilinear systems with some form 
of degradation, as shown in Fig.  8, which corresponds well to the behaviour of ductile 
moment frames, for example. However, in the case of existing RC frames, these tend to 
have masonry infills that significantly affect the structural behaviour by adding strength 
and stiffness, as illustrated in Fig. 3. This modified behaviour of the SPO curve is problem-
atic when combining it with tools such as SPO2IDA as they were developed with R–μ–T 
relationships more suited to ductile systems typical of new construction. To overcome this, 
one may simply incorporate the simplified fits proposed by Dolšek and Fajfar (2004) but, 
as mentioned above, these have a number of aspects to be further developed before exten-
sion to IDA characterising the performance up to collapse can be captured.

3.2  Evaluation of performance

To evaluate the performance of the outlined simplified methods, both were imple-
mented here for the infilled RC frames presented in Sect. 2.1 and compared with the 
results of the IDA conducted in Sect. 2.2 for the MDOF structures. In other words, the 
SPO curves were characterised as shown in Fig. 1, then the idealised backbones for the 
Dolšek and Fajfar (2004) model (Approach 2) were fitted and the R–μ–T relationships 

Fig. 8  Estimation of the IDA curves generated using the SPO2IDA tool developed by Vamvatsikos and 
Cornell (2005), whereby the relationship between the SPO backbone and the IDA fractiles is established 
with a library of empirical fits akin to the classic R–μ–T relationships
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extrapolated to quantify the spectral acceleration required to reach a given level of 
ductility. The SPO2IDA tool by Vamvatsikos and Cornell (2005) was also imple-
mented. By comparing these simplified results with those of the IDA of the MDOF, 
their effectiveness at quantifying the structural response up to collapse was evaluated. 
It is recalled that this comparison differs to that of Sect. 2.2 in that no dynamic analy-
ses were conducted on the SDOF models and only simplifying R–μ–T relationships 
were utilised.

For the approach outlined by Dolšek and Fajfar (2004), a series of empirical 
relationships were used for quantifying a dynamic R–μ–T relationship for the mean 
response. For the case of SPO2IDA, two alternative approaches are permitted to carry 
out the equivalent SDOF conversion. These relate to using the transformation factor, Γ, 
described in Eq. 4 (for a more accurate definition) or by simply using the ratio between 
the yield force and the total weight of the system, C0. The backbone shape illustrated in 
Fig. 8 was utilised for SPO2IDA, whereby the SPO is characterised by a bilinear sys-
tem with some strength and stiffness reduction and residual strength plateau followed 
by eventual loss of capacity. It is important to note that the current SPO2IDA tool 
available in the literature models the final branch as a constant residual strength and 
not as a gradual strength degradation, which would be required for infilled RC frames 
like those shown in Fig. 1, where an additional strength plateau and gradual reduction 
occur (i.e. the first peak strength plateau of the infills, followed by their strength loss 
down to the next strength plateau of the infilled RC frame with the infill removed, and 
then the gradual strength reduction of the entire system to collapse). This constant 
strength branch is not a problem when analysing structures that can be characterised 
as bilinear with a single strength reduction and some minimal residual strength like 
the one shown in Fig.  8, but for infilled RC frames where two significant reductions 
in strength with increasing demand tend to occur, this can have large and undesirable 
consequences, as the final gradual degrading branch ends up being modelled as a con-
stant strength branch in the tool. This limitation could be solved by adding another 
branch to the SPO2IDA backbone since the available backbone options end up being 
used in an unintended way when analysing infilled RC frames, which is elaborated 
further in Sect. 4. The results of this comparison are shown in Fig. 9 again for the two 
frames examined in Sect. 2.3.

When compared to the median response of the actual model, Fig. 9 shows that both 
SPO2IDA and Approach 2 tend to a reasonable match with the MDOF model curve 
for low ductility but once the response exceeds the first descending strength branch, 
they both begin to largely overestimate the strength ratio. In the case of Approach 2 
by Dolšek and Fajfar (2004), this arises due to the assumption of infinite RC frame 
ductility, meaning that the SDOF oscillator possesses no physical means of losing its 
lateral capacity and can continue withstanding increased ground shaking. In the case 
of SPO2IDA, this overestimation is due to the limitation of the backbone parameters 
described above whereby a constant residual strength branch is considered instead of 
a gradually degrading one. Figure 9 shows that SPO2IDA clearly expresses an overes-
timation of the capacity since it has not been developed or adapted for these specific 
typologies, hence missing some of the key performance aspects towards collapse and 
post-peak branches. This is noted to be consistent with the initial findings of O’Reilly 
and Sullivan (2017) who reported that, when applied to infilled RC frames, SPO2IDA 
tended to largely overestimate the median collapse intensity when compared to IDA 
results, potentially leading to an unconservative prediction of the performance.
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4  Extension of simplified analysis via SPO2IDA to infilled RC frames

As seen in the previous sections, SPO2IDA offers a simple and effective solution to char-
acterise the structural response to ground motion excitation with increasing intensity. 
However, Sects. 2 and 3 have demonstrated that there are still some aspects to be further 
developed before SPO2IDA can be confidently applied to infilled RC frame typologies to 
quantify their behaviour up to collapse. In this section, a large sample of representative 
SDOF systems were analysed using IDA in order to characterise their performance with 
increasing intensity and allow the fitting of a new empirical library of R–μ–T relation-
ships. These are to be used in the context of a tool, such as SPO2IDA, whose output will 
resemble that of Fig. 10, where A–B represents the post-yielding or hardening branch, B–C 
the softening branch or where the rupture of infills occur, C–D the residual plateau due to 
the underlying RC frame’s resistance and D–E the strength degradation branch presented 
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subsequently in Sect. 4, which differ from the arrangement of the assumed set of branches 
in original SPO2IDA tool. The end-result of this analysis is a new library of fits and hence 
an extended SPO2IDA version for infilled RC frames. Two-step regression was employed 
to establish and quantify the relationship between the dynamic strength ratio, R, and the 
ductility, μ, for a given SPO backbone specific to infilled RC frames.

4.1  Generation of parametric infilled RC frame structures

The first task was to establish a suitable database of case study structures and carry out a 
parametric quantification of infilled RC frame response with which to then conduct a two-
step regression. As the purpose of SPO2IDA is to relate the response of an idealised SDOF 
oscillator to its SPO backbone (given the equivalent SDOF conversion in Sect. 2.2), the 
parametric study described herein only considered the response of SDOF oscillators.

To obtain a sufficient number of SDOF oscillators, a large database of SDOFs was ran-
domly sampled to have a sufficient amount of combinations of potential SPO backbone 
shapes. As such, realisations of the structural models for a given number of random vari-
ables (RV), defined as the various points illustrated in Fig.  4, in addition to the equiva-
lent SDOF’s initial period, T*, were generated. To do this, the correlation-controlled Latin 
hypercube sampling (CLHS), utilised in O’Reilly and Sullivan (2018), was employed to 
reduce spurious and unintentional correlations between the different RVs. The distribu-
tions of the various considered RVs were derived from the empirical data of the case study 
structures described in Sect.  2.1, as these were considered to represent a range of back-
bones typically found for such infilled RC frames. It is noted that by doing so, a number 
of inherent assumptions about the infilled RC frames’ characteristics were made regard-
ing aspect and slenderness ratio, in addition to and relevant strength ratios between the 
masonry infill and the RC frame. As such, the application of the tool developed herein 
may be considered limited to structures with similar characteristics as those examined in 
Sect. 2.1 and may require further refinement when significantly different. RVs associated 
with both the infilled RC frame and the frame with an induced soft-storey mechanism were 
established, which correspond to the various points illustrated in Fig. 4. Table 2 lists the 
distributions of the RVs, characteristic of infilled RC frames (i.e. points 0–1–2–3–4) and 
the structures with a mechanism formed at the weakest storey (i.e. points 0–5–6–7). To 

Table 2  List of the RVs and their 
associated lognormal distribution 
parameters

RV Symbol Point on 
backbone

Median Dispersion

1 T* (s) – 0.39 0.56
2 F*yi (kN) 1 419 0.38
3 F*si (kN) 3 172 0.24
4 F*yc (kN) 5 164 0.25
5 Δ*yi (m) 1 0.013 0.56
6 Δ*hi (m) 2 0.043 0.47
7 Δ*si (m) 3 0.053 0.31
8 Δ*mi (m) 4 0.170 0.25
9 Δ*yc (m) 5 0.021 0.37
10 Δ*hc (m) 6 0.069 0.26
11 Δ*mc (m) 7 0.170 0.24
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ensure lognormality of each of the RVs, the Kolmogorov–Smirnov goodness-of-fit test was 
utilised and demonstrated the suitability of such a distribution for all RVs.

Each of the 11 RVs were sampled a number of times to generate 500 model realisations. 
While each of the RVs were sampled according to the aforementioned distributions and 
correlations, care was taken to ensure that no instances of unrealistic model realisations 
arise. This resulted in a set of 500 SPO backbones systems whose individual RV distribu-
tions, and corresponding correlations between each RV, matched that of the original set of 
case study structures. Furthermore, as shown in Fig. 11, the target correlation was achieved 
via CLHS as both the target correlation matrix and the actual correlation matrix were noted 
to be very similar. This was demonstrated by computing the norm to quantify the differ-
ence between correlation matrices, as outlined by Vorechovsky and Novak (Vorechovsky 
and Novak 2003), which when computed for the two matrices plotted in Fig. 11a, c, was 
observed to have a magnitude of  10−3 that was deemed acceptable.

4.2  Assessment of SDOF oscillators via IDA

Upon sampling the equivalent SDOFs, IDA was conducted in the same manner as Sect. 2.2 
to perform a comprehensive assessment of the behaviour of such structures under seis-
mic loads. These equivalent SDOF oscillators are shown in their entirety in Fig. 12, where 
the variability between the different oscillator parameters can be seen. As noted, the back-
bones presented in Fig. 12a are intended to represent the response of the infilled RC frame 
(i.e. the backbone composed of points 0–1–2–3–4 shown in Fig.  4) and the backbones 
presented in Fig. 12b represent the corresponding response of the structure once critical 
storey has formed a mechanism (i.e. the backbone composed of points 0–5–6–7 shown 
in Fig. 4). Therefore, these SDOF models comprise a combination of this Fig. 12b model 
and the infill contribution to give the Fig. 12a response initially but reduces to the Fig. 12b 
response once the infill has collapsed. Computational time and effort were relatively 
reduced as SDOF oscillators were utilised for these analyses as opposed to MDOF mod-
els. With these IDA results, the individual traces of each ground motion were then tracked 
with increasing demand to arrive at the quantification of the 16%, 50% or median, and 84% 
intensity fractiles, as illustrated previously in Fig.  10. These fractiles were then used to 
define the empirical relationship for each branch found via two-step regression, which will 
be detailed in the following sections.
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4.3  Fitting of coefficients via two‑step regression

Upon sampling the equivalent SDOF systems, individual IDAs were performed using the 
far-field ground motion dataset given by FEMA P695 for 5% damping. The SPO curves 
(i.e. F* vs. Δ*) and their respective IDA curves [i.e. Sa(T*) vs. Δ*] were then normalised 
using Fy* and Δy* (determined by the user from the SPO curve) into a strength ratios R and 
ductility μ as follows:

where Rdyn is simply used to distinguish the strength ratio established from IDA from that 
coming from the SPO curve; Fy* and Say are the yield base shear and yield spectral accel-
eration of the SDOF system, respectively, with:

First, the dynamic R–μ–T relationship was determined through correlating both the strength 
ratio R and the ductility µ using a parametric relationship that was found most suitable for the 
branch of response. Second, the initial period of the SDOF system was introduced as a proxy 
to quantify these relationships’ coefficients. In other words, a Rdyn–µ relationship was deter-
mined first via a number of coefficients [e.g. Rdyn = f(µ, α, β, γ)] and then T* was utilised to fit 
these coefficients [e.g. α = f(T*)]. The subsequent sections discuss the fitting models assumed 
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to be most adequate for each branch of the IDA response, referring to the models adopted 
in the existing tools when appropriate. Thus, R–μ–T relationships established as closed-form 
solutions along with their respective coefficients extracted following the process described 
above are provided. Upon concluding the fitting for each branch of the idealised SPO curve, 
the Rdyn–μ couple can be converted back to the MDOF system’s response ordinates by the 
same equivalent transformation used previously in reverse, as follows:

which is essentially an IDA curve. Using this process, knowing the idealised SPO curve 
and transformation factor Γ for an infilled RC frame, the proposed extended SPO2IDA 
algorithm can be outlined as follows:

1. For a ductility, μ, in a given branch of the SPO curve as shown in Fig. 10, the roof dis-
placement of the MDOF, Δ, is found using Eq. 11;

2. The yield spectral acceleration, Say, is found from Eq. 9;
3. Using the coefficients fitted for the x% fractile of the IDA for a certain branch of the 

IDA, the Rdyn is found and then converted to a spectral acceleration Sa(T1) using Eq. 10;
4. This process is repeated for each of the branches shown in Fig. 10, for each of the frac-

tiles required (e.g. x = 16%, 50% and 84%) to get an IDA curve similar to that illustrated 
in Fig. 10.

The following subsections describe the process that was followed to establish these fitting 
coefficients for each of the branches and the fitting models adopted for the different fractile 
values. The fitting models were established using goodness-of-fit statistics for parametric 
models in terms of: the sum of squares due to errors (SSE),  R2, adjusted  R2, and the root mean 
squared error (RMSE). These goodness-of-fit metrics quantify the deviation of the fit from the 
response and the error component in general and hence were deemed suitable to evaluate the 
fits.

4.3.1  Hardening branch

As noted by Vamvatsikos (2002) during the initial development of the SPO2IDA tool, fitting 
the hardening branch of the IDA curve is relatively straightforward and has been attempted by 
many others in the past (Veletsos and Newmark 1960; Newmark and Hall 1982; Vidic et al. 
1994; Miranda 2000). Observing the data obtained from the IDA, a power law fit was adopted 
involving two parameters α1 and β1, as described in Eq.  12. This expression characterises 
the R–μ relationship obtained from the IDA and its coefficients α1 and β1 are derived using a 
7-term Gaussian fit to the observed data and are thus expressed as a function of the fundamen-
tal period of the equivalent SDOF, T*, and are described by Eqs. 13 and 14

(10)Sa
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= RdynSay�
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This fitting was conducted for each of the pertinent fractiles of the IDA (i.e. x = 16%, 
50% and 84% fractiles) and the coefficients are provided in Tables 8, 9, 10, 11, 12 and 13 
of the “Appendix” section. The “goodness of fit” results summarised in Table 3 denote a 
satisfactory fit for the parameters and functions used to represent the hardening branch. 
The results of SSE,  R2 and the adjusted  R2 values express a good prediction model with 
relatively low error, respectively. To illustrate the suitability of these fitted functions for 
the hardening branch, a comparison between the IDA results data and the fitted function is 
illustrated in Fig. 13, where a satisfactory match can be seen.

4.3.2  Softening branch

The negative stiffness is found in the SPO infilled RC frames as it signals the loss in infill 
capacity and often the onset of a soft-storey mechanism. The most prominent feature of the 
negative branch is the characteristic flattening of the IDA curve, which results in a flatline 
unless it is impeded by the residual plateau. In comparison with the hardening branch, the 
fitting of the softening or negative slope branch of the median IDA response is somewhat 
trickier, especially upon the selection of the optimum mathematical model to consider. 
Hence, through observations, a 2nd order polynomial was deemed adequate for the repre-
sentation of the behaviour, which is presented in Eq. 15

(14)�1 =

7
∑

i=1

a�1,i exp

(

T∗
⋅ b�1,i

c�1,i

)

.

Table 3  Goodness of fit 
parameters for α1 and β1

Parameter SSE R2 Adjusted  R2 RMSE

α1–16% 1.358 0.785 0.777 0.0526
α1–50% 0.926 0.751 0.741 0.0434
α1–84% 1.218 0.726 0.715 0.0498
β1–16% 2.307 0.837 0.830 0.0686
β1–50% 1.254 0.895 0.891 0.0505
β1–84% 1.487 0.839 0.833 0.0550

Fig. 13  Fitting of the terms (left) α1 and (right) β1 terms for the hardening branch of the 50% IDA fractile
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where α2, β2 and γ2 are given in Eqs. 16–18

As in the case of the hardening branch, the coefficients are provided for the 16%, 50% 
and 84% fractiles of the IDA in Table 14 of the “Appendix” section. The statistics attrib-
uted to the “goodness of fit” given in Table  4 denote a reasonable fit for the softening 
despite the fact that this branch is relatively difficult to quantify. The SSE for α2 and β2 are 
relatively low, hence a suitable prediction model is expected, but a relatively poor fore-
casting for γ2 may be expected.  R2 and the adjusted  R2 values for all parameters (≈ 99%) 
express a very low error and the RMSE statistics indicate a low fit standard error for all 
models. The fits are displayed in Fig. 14.

4.3.3  Residual plateau branch

The effect of the SPO residual plateau is to revive the IDA trace and allow it to move on to 
higher intensities, in an almost linear-system-like manner (Vamvatsikos 2002). The expres-
sion used to represent the residual strength branch is characterised by a linear relationship 
as presented in Eq. 19

where α3 and β3 are given by the 3-term Gaussian model as:

and the coefficients are provided for the 16%, 50% and 84% fractiles of the IDA in 
Tables 15 and 16 of the “Appendix” section. The Gaussian function was employed for the 

(15)Rdyn = �2�
2 + �2� + �2

(16)�2 = a�2T
∗ + b�2

(17)�2 = a�2T
∗ + b�2

(18)�2 = a�2T
∗ + b�2.

(19)Rdyn = �3� + �3

(20)�3 = a�3 ⋅ T
∗3 + b�3 ⋅ T

∗2 + c�3 ⋅ T
∗ + d�3

(21)�3 = a�3 ⋅ T
∗3 + b�3 ⋅ T

∗2 + c�3 ⋅ T
∗ + d�3

Table 4  Goodness of fit 
parameters for α2, β2 and γ2

Parameter SSE R2 Adjusted  R2 RMSE

α2–16% 0.3755 0.9921 0.9921 0.0271
α2–50% 0.1221 0.9924 0.9924 0.0155
α2–84% 0.0563 0.9928 0.9928 0.0105
β2–16% 14.81 0.9920 0.9920 0.1704
β2–50% 6.639 0.9898 0.9898 0.1141
β2–84% 2.403 0.9926 0.9926 0.0686
γ2–16% 48 0.9902 0.9902 0.3068
γ2–50% 29.71 0.9837 0.9836 0.2414
γ2–84% 13.46 0.9858 0.9857 0.1625
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fitting of the parameters since it displayed more suitable results into fitting a fairly more 
complicated scatter. The “goodness of fit” results summarised in Table 5 denote a satisfac-
tory fit for the parameters and functions used to represent the residual strength branch. The 
results of SSE,  R2 and the adjusted  R2 values express respectively a good prediction model 
with a low error component. The estimation of the random component’s standard deviation 
via the RMSE statistic is also associated with a low fit standard error.

4.3.4  Strength degradation branch

The residual plateau of infilled RC frames is then followed by a strength degradation 
branch. The consideration of this branch in the quantification of R–μ–T for infilled RC 
frames represents one of the key developments of this work, where previous work such as 
that by Dolšek and Fajfar (2004) did not consider strength degradation, meaning that the 
structural behaviour up until structural collapse could not be captured, as illustrated previ-
ously in Fig. 9. The strength degradation branch is a simple linear R–μ relationship and is 
given by:

where α4 and β4 are given by:

Again, the coefficients are provided for the 16%, 50% and 84% fractiles of the IDA in 
Table 17 of the “Appendix” section. The statistics computed for the “goodness of fit” of the 
polynomials attributed for the fitting of the models and the factors employed in the fitting 
are summarised in Table 6 and illustrated in Fig. 16.

4.4  Summary

In general, the fits adopted for all four branches of the response represent a good basis 
for an approximate analysis of the infilled RC frame typology via an extended SPO2IDA, 
especially around the expected fundamental period T1 of the said typology (typically 

(22)Rdyn = �4� + �4
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∗2 + c�4T
∗ + d�4
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Fig. 14  Fitting of the terms for a α2, b β2, c γ2 terms for the softening branch of the 50% IDA fractile
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0.1 < T1 < 0.6 s), considering the large stiffness value imposed by the addition of masonry 
infills. This simplified methodology presents a good estimate of the dynamic structural 
capacity of these structures without any given information of the infills strength. The analy-
sis thus utilises relatively simple parameters to perform the approximate analysis (knowing 
base shear-displacement and fundamental characteristics of the structure, T1, floor masses, 
and the first-mode shape profile, ϕ1) via the extended SPO2IDA tools. This extended ver-
sion of the tool described in the previous subsections has been implement both in a MS 
Excel Spreadsheet and a MATLAB script, which are available at https ://githu b.com/gerar 
djore illy/Infil ledRC -SPO2I DA.

5  Verification of extended SPO2IDA for infilled RC frames

The proposed extension to SPO2IDA for infilled RC frames presented in Sect. 4 was tested 
for the case-study frames chosen initially for the study. The verification of the newly pro-
posed coefficients was checked in terms of comparing IDA curves of the actual models pre-
sented previously and those acquired through the extended SPO2IDA tool. Furthermore, a 
risk-based comparison of the demand-exceedance curves using the existing SPO2IDA tool 
for general structures discussed in Sect. 3 was examined with respect to the extended tool 
and the actual IDA results to illustrate the potential impacts of mischaracterising the IDA 
curves on the risk-based quantities. Finally, an independent validation using the results 
from an existing RC frame school building with masonry infills located in Central Italy was 
also conducted.

5.1  Comparison of IDA curves for case study frames with extended SPO2IDA

By taking the IDA fractiles for each of the case study structures described in Sect. 2 and 
comparing with the extended SPO2IDA’s prediction, the adequacy of the tools was evalu-
ated generally. Figure 17 shows this for the case study structures, where the plots are nor-
malised to strength ratio and ductility. For both cases, the IDA curves obtained from the 
extended SPO2IDA match well with the trends and the general range of strength demand 
exhibited by the traditional IDA of the actual models. Changes in the peak deformation 
or ductility patterns are preserved when comparing both to along with onset of stiffness, 
hardening and the other branches of the idealised backbone curve in Fig. 17, up until the 
strength degradation and eventual collapse.

5.2  Evaluation of drift‑exceedance curves computed using extended SPO2IDA

A key element in using SPO2IDA is the capability to provide accurate estimates and 
properly define necessary aspects required in the broader scheme of performance-based 
earthquake engineering. The comparison of the extended SPO2IDA for infilled RC frames 
proposed here was also examined for its estimation of the mean annual frequency of 
exceedance (MAFE), λ, for a given limit value of a specific engineering demand param-
eter (EDP). Therefore, an arbitrary seismic hazard H(s) (i.e. mean annual rate of exceed-
ance of a given ground shaking intensity, s) is adopted as defined by Vamvatsikos (2013) 
where the hazard model coefficients were taken from a site in Italy with moderate seis-
micity examined in O’Reilly et  al. (2018c), for the purposes of illustration. The expres-
sion of the MAFE of a given EDP, subsequently chosen to be the roof drift, θ (i.e. roof 

https://github.com/gerardjoreilly/InfilledRC-SPO2IDA
https://github.com/gerardjoreilly/InfilledRC-SPO2IDA
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displacement normalised by the total height), was computed using the closed-form solution 
also described in Vamvatsikos (2013), which has also been recently extended for bilinear 
deman-intensity models typical of infilled RC frames by O’Reilly and Monteiro (2019). 
The aleatory uncertainty associated with record-to-record variability was taken from the 
IDA fractiles, whereas the epistemic uncertainty was not considered for the sake of sim-
plicity in this comparative exercise.

Figure  18 demonstrates the MAFE, λ, versus roof drift, θ, for two of the case-study 
frames previously illustrated. The two results for MAFE computed using the existing 
SPO2IDA are due to the available options to compute the yield spectral acceleration, Say. 
SPO2IDA employs two methods: the first calculates Say as being the ratio between the 
yield force, Vby, and the total weight of the frame, W, to give a coefficient (termed the F/W 
method in the tool), and the second computes it using a coefficient C0 obtained from eigen-
value analysis via Eq. 9. The first method is the simplest but may prove to be inaccurate 
due to its approximate nature, while the second provides a more accurate solution using 
eigenvalue analysis results.

Figure  18 illustrates MAFE using the different simplified approaches (i.e. existing or 
extended SPO2IDA) comparison with IDA. The advantage of comparing the different 
approaches in terms of MAFE is that it takes the median response and its variability into 
account to give a value of direct relevance in performance-based assessment. For both 
cases of the existing SPO2IDA, the difference in MAFE is notable, especially at drift lev-
els far from collapse. This is as a combined result of three factors: (1) the different R–μ–T 
relationships implemented in the existing SPO2IDA were not derived for infilled RC frame 
typologies; (2) the difference in computing Say, where the F/W method is seen to provide 
the worse matching of the two, which is to be expected due to its simplicity; and (3) the 
lack of an additional residual strength branch before eventual strength degradation to cap-
ture the response of the infilled RC frames better. It tends to overestimate the capacity of 
the infilled RC frames at collapse and hence predict a lower collapse risk, meaning that 
depending on the options chosen in the existing tool, very unconservative predictions of 
collapse may result. The C0 method is a substantial improvement but is seen to still deviate 
from the IDA results. For the extended SPO2IDA proposed here, one can clearly observe 
that the trend established and the range of values of the MAFE are well preserved, both 
because of the new library of R–μ–T relationships, the use of the C0 method and the inclu-
sion of an additional fitting branch illustrated in Fig. 10.

Considering this and the comparison of the IDA traces in the previous section, it can 
therefore be noted that the extended SPO2IDA presented in this study is in fact able to rep-
licate the results obtained using extensive non-linear dynamic analysis while cutting down 
on computational time and effort, without compromising the response and its associated 
risk-based metrics.

5.3  Validation of extended SPO2IDA using existing school building in Italy

The building chosen to validate the results obtained using the extended SPO2IDA was a 
3-storey RC school building with masonry infills located in Central Italy. The school build-
ing considered for the validation herein was constructed in the 1960s before the introduc-
tion of seismic design provisions and has previously been examined in detailed by O’Reilly 
et  al. (2018c, 2019). The structural layout and general numerical modelling features are 
illustrated in Fig.  19, where the numerical modelling assumptions were similar to those 
adopted in this study.
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SPO analysis was performed to quantify the building’s response in both directions and 
the results are illustrated in Fig. 20. The highlighted points present the fitted linearisation 
to the SPO curves previously described in Fig. 4, which are needed as input to the extended 
SPO2IDA developed here. Multiple stripe analysis was conducted to assess the dynamic 
response of the structure with increasing levels of intensity at different return periods using 
different sets of hazard-consistent ground motion sets selected for a site in Central Italy, 
which are described more detail in O’Reilly et al. (2018c). The parameters needed to per-
form the MDOF to SDOF conversion in the extended SPO2IDA were determined from 
eigenvalue analysis, and are detailed in Table 7, following the equivalent SDOF conversion 
steps outlined in Sect. 2.2 and Eq. 9.

Using the MSA results for this school building, the performance of the school was 
quantified at a number of intensity levels, with some collapse cases noted for higher return 
period. The median collapse intensity and the dispersion due to record-to-record variability 
were deduced using a maximum likelihood approach by counting the number of collapse 
cases with respect to increasing intensity, as outlined by Baker (2015), and these were 
determined to be 1.63 g and 0.37, respectively.

Furthermore, two additional limit states corresponding to the peak resistance and 
the end of the residual plateau (point 3 in Fig.  4) were defined in order to compare the 
extended SPO2IDA and the MSA results. Roof displacements corresponding to these 
limit states (LS1 and LS2 herein) were identified in both principal directions of the school 
building and their exceedance with respect to increasing intensity was established from 
the MSA results. Similar to the collapse cases above, fragility functions were fitted and 
are reported in Fig. 21 for both directions. Using the SPO curves shown in Fig. 20 and the 
modal parameters described in Table 7 for both directions, the 16%, median and 84% IDA 
fractiles were established until collapse via the extended SPO2IDA. Using these traces, the 
associated fragility function for each limit state previously described could be established. 
These were identified and are also plotted in Fig. 21. Comparing the fragility functions, a 
good match is observed between the two sets in both directions of the building. This is true 
both in terms of the median intensity required to exceed each of these performance limit 
states and also the level of dispersion.

5.4  Discussion

The previous sections have illustrated that the proposed extension to the SPO2IDA tool for 
infilled RC frames is indeed sufficiently accurate to be used generally. Some aspects worth 
noting that were not mentioned previously are discussed here.

The first aspect is the inclusion of the period of vibration of the numerical model with 
the critical storey mechanism formed (i.e. systems plotted in Fig. 12b). This was also con-
sidered as a predictor variable for the α, β and γ terms discussed in Sect.  4.3 since the 
fragility analysis by O’Reilly et al. (2018a) suggested that this period may in fact be better 
correlated to the response of infilled RC frames once the mechanism has been formed. This 
was initially considered in the coefficient formulations, but no significant advantage was 
observed in terms of reducing the fitting error and was therefore not considered further. 
This may be investigated more thoroughly in the future to establish whether or not more 
refined estimates can be gained through its incorporation in the regression.

Other issues to consider are the scope and limitations of the proposed extension. 
The fitting was conducted on equivalent SDOF models with periods ranging between 
0.1 and 1.0 s, with few cases above 0.6 s characterised by high variability in the fits 
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(see Figs. 13, 14, 15, 16). Therefore, the proposed tool is not recommended for appli-
cation to structures with fundamental periods outside of that range of 0.1–0.6 s. Simi-
larly, the analysis was conducted for 5% damping, limiting the application of this tool 
to structures with a similar assumption. It is worth noting that the extended SPO2IDA 
does not take into account the coupling of both directions in the background as it was 
primarily developed using equivalent SDOF systems. Moreover, hazard-consistency 
was not considered in the development due to the simplified nature of the approach, 
hence the use of a single set of ground motions. Additional sets of ground motions 
with different characteristics may also be considered in future refinements of the tool.

The simplified tool is only applicable for structures that are first-mode-dominant 
due to the assumptions used during the MDOF to SDOF transformation describe in 
Sect. 2.2. This means that the influence of higher modes on the response of the struc-
ture are not incorporated. This aspect was also discussed by Baltzopoulos et al. (2017) 
who noted that one way to address this limitation would be to indirectly account for 
these higher mode effects through the ‘injection’ of additional variability in the quan-
tified effects. This approach was not discussed here but remains a viable option to 
address this issue.

Lastly, in terms of variability, only the aleatory uncertainty due to record-to-record vari-
ability has been incorporated in the implementation of the extended SPO2IDA tool. Other 
sources of uncertainty modelling uncertainty should be incorporated when utilising the 
results.

Fig. 15  Fitting of the terms α3 (left) and β3 (right) terms for the residual plateau branch of the 50% IDA 
fractile

Table 5  Goodness of fit 
parameters for α3 and β3

Parameter SSE R2 Adjusted  R2 RMSE

α3–16% 0.327 0.9920 0.9919 0.02537
α3–50% 0.1062 0.9907 0.9906 0.01446
α3–84% 0.03557 0.9856 0.9855 0.00837
β3–16% 5.334 0.9771 0.9771 0.10250
β3–50% 1.686 0.9734 0.9733 0.05761
β3–84% 0.625 0.9745 0.9744 0.03508
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6  Summary and conclusions

The seismic assessment of existing reinforced concrete (RC) structures with masonry 
infills remains a noteworthy topic in earthquake engineering. The quantification of 
their behaviour with respect to increasing intensity is a critical aspect when evaluating 
the risk associated with such structures in the broader scheme of performance-based 
earthquake engineering. Non-linear dynamic analyses procedures like incremental 
dynamic analysis (IDA) are demanding procedures in terms of the large computational 
effort and time required when performed on detailed numerical models built to cap-
ture the potential failures models pertinent in these structural typologies. This study 
has reviewed simplified approaches to assess structures, paying particular attention to 
methods applicable to RC structures with masonry infills. These approaches comprised 
both equivalent single degree of freedom (SDOF) oscillators and their definition and 
empirical relationships, often referred to R–μ–T relationships. As a result of this study, 
the following can be noted:

• Existing approaches to characterise the response of infilled RC frames via equiv-
alent SDOFs are not entirely representative when compared to the response of 
detailed numerical models. This stemmed from the simplifications made when 
characterising the backbone behaviour in addition to the incorporation of a strength 
degradation and eventual collapse of the structure. A more refined equivalent 

Table 6  Goodness of fit 
parameters for α4 and β4

Parameter SSE R2 Adjusted  R2 RMSE

α4–16% 0.03268 0.9942 0.9942 0.008021
α4–50% 0.00723 0.9927 0.9927 0.003773
α4–84% 0.002886 0.9898 0.9898 0.002384
β4–16% 6.344 0.976 0.9759 0.1118
β4–50% 1.348 0.9852 0.9851 0.05152
β4–84% 0.4172 0.9872 0.9871 0.02866

Fig. 16  Fitting of the terms α4 (left) and β4 (right) terms for the strength degradation branch of the 50% 
IDA fractile
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(a) 3-storey weak-infilled frame (b) 3-storey strong-infilled frame

(c) 4-storey weak-infilled frame (d) 4-storey strong-infilled frame

(e) 6-storey weak-infilled frame (f) 6-storey strong-infilled frame

(g) 9-storey weak-infilled frame (h) 9-storey strong-infilled frame

Fig. 17  Comparison of the R–µ fractiles (16%, 50% and 84%) response using IDA on the actual MDOF 
models and the extended SPO2IDA
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SDOF modelling approach was subsequently proposed and seen to characterise the 
global behaviour of such structures quite well up to collapse;

• The applicability of the tool relating the static pushover (SPO) curve of a struc-
ture to its IDA fractiles (SPO2IDA) was reviewed and seen not to be applicable to 
RC frames with masonry infills. This was seen to be due to the assumptions made 
regarding SPO backbone branches in the original tool that do not fit well with the 
specific characteristics of infilled RC frames;

• An extended SPO2IDA tool was subsequently developed, where the response of 
infilled RC frames characterised by a simplified backbone fit characteristic of their 
behaviour was utilised. A new library of R–μ–T relationships were fitted to the IDA 
results via a two-step regression;

(a) (b)

Fig. 18  Comparison of the MAFE, λ, for roof drift, θ computed using IDA on the MDOF model, the exist-
ing SPO2IDA for two approaches to compute Say and using the extended SPO2IDA proposed in this study 
for a 2-storey weak-infilled frame, b 4-storey strong-infilled frame

Fig. 19  General layout and numerical modelling assumptions of the case study school building located in 
Central Italy. Adapted from O’Reilly et al. (2019)
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• This extended SPO2IDA was then compared to the actual IDA results of case study 
structures, both in terms of IDA traces and risk-based quantities, where a good 
matching was observed in each case. Furthermore, comparison of the results with 
an independent study on an existing school building in Central Italy of the same 
typology further verified the applicability of this simplified tool for the collapse 
assessment and general characterisation of their structural response.

Fig. 20  SPO curves of the case-
study building in both principal 
directions including the fitted 
linearised model proposed in 
this study
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of the school building obtained via MSA and the extended SPO2IDA tool
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Appendix

The following are the tables of the coefficients fitted via two step regression in Sect. 4.3.
For the α1 and β1 terms defined in Eqs. 13 and 14, Tables 8, 9, 10, 11, 12 and 13 provide 

the fitted coefficients, respectively, which are presented for the 16%, 50% and 84% IDA 
fractiles.

Table 8  Fitted coefficients for the 
α1 term, each corresponding to 
the 50% values

i aα1,i bα1,i cα1,i

1 0.8628 0.7624 0.1643
2 0.9235 0.5041 0.1701
3 0.9195 0.1785 0.1147
4 0.9632 1.0220 0.1694
5 0.4745 0.3253 0.0940
6 0.0654 0.4064 0.0205
7 0.0446 0.4479 0.0158

Table 9  Fitted coefficients for the 
α1 term, each corresponding to 
the 16% values

i aα1,i bα1,i cα1,i

1 0.1460 0.5335 0.0344
2 0.5926 0.4161 0.3194
3 0.0731 0.4495 0.0167
4 0.2965 0.2215 0.1087
5 0.0269 0.3699 0.0158
6 1.0630 1.0030 0.6460
7 0.3127 0.1462 0.0718

Table 10  Fitted coefficients for 
the α1 term, each corresponding 
to the 84% values

i aα1,i bα1,i cα1,i

1 1.024 0.9018 0.6555
2 0.6034 0.1928 0.1072
3 0.2466 0.4758 0.1232
4 0.0614 0.6903 0.0566
5 0.2511 0.3254 0.0707
6 0.0001 0.9390 0.0013
7 0.0709 0.3948 0.0229
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For the α2, β2 and γ2 terms defined in Eqs. 16–18, Table 14 provides the fitted coeffi-
cients, which are presented for the 16%, 50% and 84% IDA fractiles.

Table 11  Fitted coefficients for 
the β1 term, each corresponding 
to the 50% values

i aβ1,i bβ1,i cβ1,i

1 − 0.1334 0.7771 0.04907
2 0.3312 0.7647 0.00098
3 0.7985 0.0428 0.09365
4 0.0000 0.5721 0.0000
5 0.1543 0.4788 0.1050
6 0.9252 0.8165 0.5100
7 0.2809 0.3003 0.1216

Table 12  Fitted coefficients for 
the β1 term, each corresponding 
to the 16% values

i aβ1,i bβ1,i cβ1,i

1 0.2008 1.0930 0.5405
2 0.1790 0.7169 0.0884
3 0.1425 0.4876 0.0496
4 0.1533 0.5709 0.0726
5 3.623e+12 97.610 17.940
6 0.0945 0.4424 0.0626
7 0.1964 0.3345 0.0952

Table 13  Fitted coefficients for 
the β1 term, each corresponding 
to the 84% values

i aβ1,i bβ1,i cβ1,i

1 0.7182 0.04151 0.09018
2 0.1320 0.6058 0.04845
3 0.1233 0.4904 0.04392
4 0.0981 0.5448 0.01778
5 0.1429 0.3652 0.09815
6 0.6547 0.8431 0.71260
7 0.0001 0.7115 0.00018

Table 14  Fitted coefficients for 
the α2, β2 and γ2 terms

16% 50% 84%

aα2 0.0395 0.0183 0.00951
bα2 − 0.0307 − 0.0148 − 0.00782
aβ2 1.0490 0.8237 0.4175
bβ2 0.2494 0.0408 0.03164
aγ2 − 0.7326 − 0.7208 − 0.0375
bγ2 1.1160 1.2790 1.0790
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For the α3 and β3 terms defined in Eqs. 20 and 21, Tables 15 and 16 provide the fitted 
coefficients, respectively, which are presented for the 16%, 50% and 84% IDA fractiles.

For the α4, β4 and γ4 terms defined in Eqs. 23 and 24, Table 17 provides the fitted coef-
ficients, which are presented for the 16%, 50% and 84% IDA fractiles.
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